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Unsteady-State Flow

Solution of the Diffusivity Equation:
Radial Flow of the Slightly Compressible Fluids

O’p  1dp__ ¢ue,  dp
o r or 0.000264k ot

1. Constant-terminal-rate solution:
It solves for the pressure change throughout the radial system
providing that the flow rate is held constant at one terminal end of
the radial system.

2. Constant-terminal-pressure solution:
It is designed to provide the cumulative flow at any particular time for a
reservoir in which the pressure at one boundary of the reservoir is held
constant. The constant-pressure solution is widely used in water influx
calculations. A detailed description of the solution is discussed in the
water influx chapter.



The constant-terminal-rate solution

There are two commonly used forms of the constant-terminal-rate solution:

* The Ei-function solution
* The dimensionless pressure Pb solution

The Ei-Function Solution

Matthews and Russell (1967) proposed a solution that is based on the following
assumptions:

1. Infinite acting reservoirr, i.e., the reservoir is infinite in size.
2. The well is producing at a constant flow rate.
3. The reservoir is at a uniform pressure, pi, when production begins.
4. The well, with a wellbore radius of rw, is centered in a cylindrical reservoir of
radius re.
5. No flow across the outer boundary, i.e., at re. |
’ 9 It is commonly referred
p(r.t)=p, + [-70'6 o2 ““BQ} E, (-QJSWULJ -‘ to as the line-source
kh kt solution.

where P (r.t) = pressure at radius r from the well after t hours
t = time, hrs
k = permeability, md
Qo = flow rate, STB/day
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Exponsntial integral values

The mathematical function, Ei, is called the exponential integral and is defined
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by: 6 1 Exp= 2
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Craft, Hawkins, and Terry (1991) presented the values of the Ei-function in * AR PR
tabulated and graphical forms. sk AR [-_1'1.:“_
» The exponential integral Ei can be approximated (with less than 0.25% Ez T = Sstras ===
Error) by the following equation when its argument x is less than 0.01: .4 EEEEET =
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0 05 -10 -15 -20 -25 30 -35
Eyf—x)

2



» For the behavior of the bottom-hole flowing pressure at the wellbore, i.e., r = r.:

162.6Q, B, 1, kt |
S0 log | ———— 123
Pwt = Pi kh a b, o 12

where:
k = permeability, md
t =time, hr
¢, = total compressibility, psi~’

* It should be noted that these approximated equations cannot be used until the flow time t exceeds the limit
imposed by the following constraint:

t>9.48 x 104M

+ |t should be pointed out that for x > 10.9, the Ei (-x) can be considered zero for all practical reservoir
engineering calculations.



Example 1

An oil well is producing at a constant flow rate of 300 STB/day under unsteady state flow conditions. The
reservoir has the following rock and fluid properties:

B(} =] .23 bbl/STB H, — 1.5 Ccp Cp— 12 % IU—ﬁpSi—l
b=15% ry = 0.25 fit

Calculate pressure at radii of 0.25, 5, 10, 50, 100, 500, 1000, 1500, 2000, and 2500 feet, for 1 hour. Plot the results
as:

a. Pressure versus logarithm of radius

b. Pressure versus radius



Solution

p(r* t)= § e

kh kt

iy 70.6(300)(1.5)(1.25)] ..
p(r, 1) =4000+ l (60)(15) ]th

21

!70-6 Qo Ho Bo] E. !-—94&1} H, cer?

|

—948(0.15)(1.5) (12 x 1078) 12

p(r. 1) = 4000+ 44.125 E; !—42.6(10“6)%

(60)(t)
Elapsed Time t=1hr
2

r, ft x=—42.6(’10-“)% E; (—x) p(r, 1) = 4000 + 44.125 E; (—x)
0.25 -2.6625(107%) —12.26* 3459
5 —0.001065 —6.27* 3723
10 —0.00426 —4.88* 3785
50 -0.1065 —1.76" 3922
100 -0.4260 —0.65" 3971
500 —10.65 0 4000
1000 —42.60 0 4000
1500 -95.85 0 4000
2000 —175.40 0 4000
2500 -266.25 0 4000

* G = - ¢ - -
+As cak_u.faltd from Equation Ei {'—X} . 111( 178 1};)
From Figure 6-19
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Figure 6-19. The E-function. [After Craft, Hawkins, and Terry, 1991.)



Example 2

Using the data in Example 1, estimate the bottom-hole flowing pressure after 710 hours of production.

Solution

To use the approximated equation, the following condition should be satisfied: t>9.48 x lﬂ4w

(0.15)(1.5) (12 x 107¢)(0.25)*
60

t=9.48(10%) —0.000267 hr

Since t= 10 hrs > 0.000267 hr, then Pwf can be calculated from the following equation:

162.6Q, B, 1, "~ kt ,
i =1 log | ——— 3.23
Pwt = Pi kh e Py, Cr 1y,

2.6(300)(1.25)(1.5 60)(10
., =4000 —020B00U.25)(1.3) 1, (10) : _| —3.23| =3358 psi
(60)(15) (BASI( 1.5 125 W0~ (0:25)"



The dimensionless pressure PD solution

To introduce the concept of the dimensionless pressure drop solution,
consider for example Darcy’s equation in a radial form:

kh(p, = pyr)
u, B, In(rc /1‘“_)
Rearrange the above equation to give:
Pe ~Pwt zlnLr_cJ
QO B{J MU r\\-"
0.00708 kh

It is obvious that the right hand side of the above equation has no units
(i.e., dimensionless) and, accordingly, the left-hand side must be dimensionless

Q, =0.00708

Therefore, above equation can be written in a dimensionless form as:
pp = In(rep)
Pe = Pwt = re

where pp= and Iep=—
Qi"} B l".ll"l 0 © l‘W’
0.00708k h

This concept can be extended to consider unsteady state equations as follows:
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In transient flow analysis, the dimensionless pressure psis always a function of
dimensionless time that is defined by the following expression:

D= -
( Qﬁ Bﬂ HD ]

0.00708 k h

Another definition in common usage is t.:, the dimensionless time based on total
drainage area:

_ 0.000264kt
ouc, r;

And the dimensionless radial distances r.and r.. are defined by:

0.000264 kt
= =1 { : ] and tD

t — W
PAT ouc, A A

I

r _ e
M =— and r.p =
lw W
where tp = dimensionless time
A = total drainage area = Tt 1‘§ rp = dimensionless radius
r. = drainage radius, ft t =time, hr
r, = wellbore radius, ft p(r,t) = pressure at radius r and time t
pp = dimensionless pressure drop k = premeability, md

r.p = dimensionless external radius L = viscosity, ¢p
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The dimensionless groups (i.e., ps, t, and r:) can be introduced into the diffusivity
equation to be in the following dimensionless form:

7
J0°Pp M I dpp _9pp

o5 1y dp  dtp

Van Everdingen and Hurst (1949) proposed an analytical solution to the above
equation by assuming:

1. Perfectly radial reservoir system
2. The producing well is in the center and producing at a constant production
rate of Q

3. Uniform pressure Pithroughout the reservoir before production
4. No flow across the external radius re.

Chatas (1953) and Lee (1982) conveniently tabulated these solutions for the
following two cases:

~ Infinite-acting reservoir
~ Finite-radial system

13



» Infinite-acting reservoir

For an infinite-acting reservoir, i.e., reD= = , the dimensionless pressure drop
function PDis strictly a function of the dimensionless time tD, or:

pp = t(tp)

Chatas and Lee tabulated the psvalues for the infinite-acting reservoir as shown in
Table 6-2 ( Tarek Ahmed ). The following mathematical expressions can be

used to approximate these tabulated values of P-::

't
* Fortp < 0.01: pp=2 \f

« For tp > 100: pp = 0.5[In(tp) + 0.80907]

* For 0.02 < tp < 1000:
Pp =a; +a, In (tp) + a3 [In (tp)]* + a4 [In (tp)]° + as tp
+ deg “D);’ i d7 (tD)?' + ﬂg/t[}

where
= (.3085064

» =0.29302022
ay = 3.5264177(10)
ay =—1.4036304(107%)
as = 4. 7722225(10_4)
a( = 5.1240532(10°7)

a; =—2 303'%017(10"0)
ag = -2 672?117(1(}_
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TABLE 6-2 pp vs. tp—Infinite-Radial System, Constant-Rate at the Inner
Boundary (After Lee, [, Well Testing, SPE Textbook Series.)
(Permission to publish by the SPE copyright SPE, T982)
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» Finite-Radial System

For a finite radial system, the Po.-function is a function of both the dimensionless
time and radius, or:

pp =1 (tp, Iep)

where

_ external radius 1,

leD = wellbore radius I

« Van Everdingen and Hurst principally applied the Psfunction solution to model
the performance of water influx into oil reservoirs.

« Table 6-3 ( Tarek Ahmed ) presents Pras a function of tofor 1.5 < r..< 10,

« “wellbore radius r. is in this case the external radius of the reservoir and the r.

is the external boundary radius of the aquifer.

« Chatas (1953) proposed the following mathematical expression for calculating Po:

For 25 < tp and 0.25 r3, < tp
e 054 2%y 15 [B—dAdu)]—~ 2r3 — 1
v AT | 4(r2, — 1)°

rn.'.l)
- - 2
A special case arises when r_, == 1, then:

2t _
Pp = ZD + In(r,p)—0.75
FeD
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TABLE 6-3 pp vs. tp—Finite-Radial System, Constant-Rate at the Inner
Boundary (After Lee, L, Well Testing, SPE Textbook Series.) (Permission to
publish by the SPE, copyright SPE. 1982)
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TABLE 6-3 py, vs. tp~Finite-Radial System, Constant-Rate at the Inner
Boundary (After Lee, )., Well Testing, SPE Texthook Series.) (Permission to
publish by the SPE, copyright SPE, 1982)— cont'd

g = 45
o P
FE AR R T
L8 1144
g | 1158
i | 137
kSl L
14 133
16 1246
18 1369
A0 1397
4.5 1349
5.8 1403
55 | 1AST
6l 1510
7.0 1815
&0 179
o0 1823
100 1937
1.0 2031
120 | 2135
130 2239
140 2343
150 1447

T =30
b o
37 1249
if 1359
39 1270
40 1.28]
42 1300
44 130
46 1340
48 1360
50 1378
55 T.424
60 1469
65 1513
70 1556
75 1558
/80 L6
940 1725
100 1.E0E
IO 1.892
120 15975
130 2059
T4 2142
150 2295

fozy =60

I
75

g

F

95

o0

T

120

1340

14.4Y

158

160

7o

T84

1940

250¥

00

Po
1544

1576
1607
15635
1668
L6965
1757
1815
1873
1331
1.988
45
2103
2164
07
2274
2560

2B46

fy =70

I
95
100
110
120
130
4.0
150
160
170
]

190

240

260

300

P
1638
1663
171
1757
TR1D
.45
1.884
1431
1474
#3 L
2058
2100
2,184
2267
2351
2434

2517

Fam = 81

L Po
bt Era g
120 LTI
125 LTS
e LT
135 LTS
40 LA
145 1LA31
150 B9
170 1819
T80 L9686
L0 2051
20 2116
250 . 2180
LD 2340
IS0 24
LD 2658
45D 2E1F

Ty = 9.0
fn P
135 1786
140 1803
145 1819
152 1835
155 1.851
160 1867
170 1897
TRD 1926
190 18955
Mo 1383
0 207
240 2906
60 2142
280 1793
300D 2244
340 23345
A0 2446
400 2496
458 2621
N0 2746
BI0 1996
D 3246

foy = 100

In
155
160
170
T
190
200

246

R0
300
320

34.0

90U

i iTL)

Po
1T

1.862
1. 590
1.917
1.843
L9660

T

2,708
215
2154

2336

2604
2806
3008
3. 270
3412

3674

Motes: Foe Iy smaller than values Hsied in s table for 2 given rus, resenvedr {5 Infinite aciing.
Find py, In Tatde 6-2,

For 25 < iy and fy lager fhan values in table

Po=

(/f2+2)

Y —ads nn-nlh 1

rn-1)

Far wells in rebounded reservoirs with rg = 1

a,
m2§+ In fo—*fa.

Al —1)"



Example 3

A well is producing at a constant flow rate of 300 STB/day under unsteady-state flow condition. The reservoir has
the following rock and fluid properties:

B, = 1.25bbl/STB  p,=1.5¢p ci=12x 10 %psi™!

k=60md h=15% p; = 4000 psi

b= 15% ry =029
Assuming an infinite acting reservaoir, i.e., roo= oo, calculate the bottomhole flowing pressure after one hour of
production using the dimensionless pressure approach.

Solution From the definition of PD: p; —p(r.1)
000264 ke PD="7 0. B
W o T — 0.00708k h
. L0<
_ - —93,866.67 -y Qo Bo I,
D (0.15)(1.5)(12 x 107°) (0.25)° 1 P(rw. 1) = p; (m) Pp

Since t.> 100, we can use Equation: (300)(1.25)(1.5)

0.00708(60)(15)

ppp(0.25, 1) =4000 [ ] (6.1294) = 3459 psi

Pp = 0.5[ In (tp) +0.80907]

pp =0.5] In(93,866.67) +0.80907] = 6.1294
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