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Work of a force

Consider a particle which moves from a point A to a neighboring point A̕ as shown in the figure below. 

If r denotes the position vector corresponding to point A, the small vector joining A and A̕ can be 
denoted by the differential dr; the vector dr is called the displacement of the particle. Now, let us assume 
that a force F is acting on the particle. The work of the force F corresponding to the displacement dr is 
defined as

we can also express the work dU in terms of the rectangular 
components of the force and of the displacement:

𝑈𝐴−𝐴̕ 𝐴׬ =
𝐴̕
𝐹 . 𝑑𝑟



Work of a Constant Force in Rectilinear Motion

When a particle moving in a straight line is acted upon by a force F of constant magnitude and of constant 
direction as shown in the figure below, the work will be given as: 

This implies that:

1- If the force F has the same direction as ∆𝑥, the work U                                     
reduces to F ∆𝑥. 
2- If F has a direction opposite to that of ∆𝑥, the work is 

U = − F ∆𝑥. 
3- Finally, if F is perpendicular to ∆𝑥, the work U is zero.



Work of the Force Exerted by a Spring

Consider a body A attached to a fixed point B by a spring; it is assumed that the spring is undeformed when the body 
is at Ao as shown in the figure below. Experimental evidence shows that the magnitude of the force F exerted by the 
spring on body A is proportional to the deflection x of the spring measured from the position Ao. We have

F = K x

where k is the spring constant, expressed in N/m or kN/m if SI 
units are used and in lb/ft or lb/in if U.S. customary units are 
used. The work of the force F exerted by the spring during a 
finite displacement of the body from 𝐴1(x = 𝑥1) to 𝐴2(x = 𝑥2) is 
obtained by writing

In other words, the energy stored in the spring (potential 
energy) (𝐸𝑠) due to the force F can be expressed as:

𝐸𝑠 = 
1

2
𝑘 (𝑥2

2 − 𝑥1
2)



Work of a Gravitational Force (between bodies)

According to the Newton’s law of gravitation, when two particles of mass M and m at a distance r from each 
other, as shown in the figure below, attract each other with equal and opposite forces F and − F, directed along 
the line joining the particles and of magnitude

where G is the constant of gravitation. The work of the gravitational force F during a finite 
displacement from A1(r = r1) to A2(r = r2) is therefore

Thus, the potential energy (𝑣𝑔) when the variation in the gravity force cannot be 

neglected can be expressed as



Work of the Force of Gravity

or

where ∆y is the vertical displacement from A1 to A2. The work of the weight W is thus equal to the product 
of W and the vertical displacement of the center of gravity of the body. The work is positive when ∆y < 0, 
that is, when the body moves down. This can also be expressed as the potential energy (PE) as follow:

PE = W ∆y = mg ∆y

The work of the weight W of a body A, i.e., of the force of gravity exerted on that 
body as shown in the figure, is obtained by

or 𝑈1−2 = W𝑦1 − W𝑦2 = 𝑉1 − 𝑉2



Kinetic Energy of A Particle 

Consider a particle of mass m acted upon by a force F and moving along a path which is either rectilinear 
or curved as shown in the figure below. Expressing Newton’s second law in terms of the tangential 
components of the force and of the acceleration, we write

Integrating from 𝐴1, where s = 𝑠1 and v = 𝑣1, to 𝐴2, where s = 
𝑠2 and v = 𝑣2, we write

where v is the speed of the particle. Recalling that v = ds/dt, we obtain

where 𝑈1−2 is the work of the force F exerted on the particle during the displacement from 𝐴1 to 𝐴2; the 
corresponding kinetic energy values of the particle are 𝑇1 and 𝑇2, respectively. We can write

𝑈1−2 ׬ =
𝑠1

𝑠2 𝐹𝑡 𝑑𝑠 = m ׬
𝑣1

𝑣2 𝑣 𝑑𝑣 = 
1

2
𝑚 𝑣2

2 −
1

2
m 𝑣1

2 = 𝑇2 − 𝑇1

and



Conservation of energy

Consider a particle of mass m acted upon by a force F and moving along a path which is either rectilinear 
or curved as shown in the figure below. 

From the law of work of gravity force:

𝑈1−2 = W𝑦1 − W𝑦2 = 𝑉1 − 𝑉2

where 𝑉1=W𝑦1, and  𝑉2 = W𝑦2

From the law of kinetic energy:

𝑈1−2 = 𝑇2 − 𝑇1

(1)

(2)

From (1) and (2), the conservation of energy 
will be as follow:

𝑉1 − 𝑉2 = 𝑇2 − 𝑇1
or

𝑉1 + 𝑇1 = 𝑇2 + 𝑉2



Power and Efficiency 

Power is defined as the time rate at which work is done. If ∆U is the work done during the time interval ∆t, then 
the power during that time interval is

and, recalling that dr/dt represents the velocity v of the point of application of F,

The mechanical efficiency (ƞ) of a machine can be defined as 

Ƞ = 
Power output

Power input

Because of energy losses due to friction, the output work is always smaller than the input work, and consequently 
the power output is always smaller than the power input. The mechanical efficiency of a machine is therefore 
always less than 1.
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