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Simple 1D Linear Flow in a Homogeneous Linear-
Reservoir with Sources/Sinks

« 1D single phase flow of slightly compressible fluid in a
homogeneous linear-reservoir with sources/sinks.

* For this case, it is convenient to include a source/sink term to model
injection/production from a well or wells.

PDE 1.127x10° K9P _ q.(x.t)B _ ¢, Op
p ox* v, 5.615 ot
q,. = surface rate (STB/D), q,. > 0 for production (sink) well, and q,. < 0 for

source (injection) well, Vb = bulk volume (cuft), k (md), i (cp), p (psi), t (days),
x (ft), ct(1/psi)

, O<x<L,t>0
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Simple 1D Linear Flow in a Homogeneous Linear-
Reservoir with Sources/Sinks

2
PDE 1.127x10~ %2 f_qsc(x’f)B: ¢c, Op
M Ox v, 5.615 ot

We evaluate both sides of the PDE at x,,t"*1. So, approximate the second derivative
at x,t"! as:

, O0<x<L,t>0

2 n+1 n+l n+1
o0°p _ Pia —2p; + P,
X, ,Z"+1

Ox’ (Ax)’
Approximate the source/sink term at x,t"*! as:
n+l
QSc,iB (Vb,i — WhAX)
Vi

Approximate the time derivative at x,t"*" as:

( op j o =p
at xl-,t"H At




Simple 1D Linear Flow in a Homogeneous Linear-
Reservoir with Sources/Sinks

2
PDE 1.127x10—358 fz’_qsc(x’f)B: g, p
M Ox v, 5.615 ot

Substitute the finite difference approximation in PDE gives:

n+l n+l n+l n+1B .
1.127X10_3ﬁpi+1 2p +pl 1 qSC,l ¢Ct ( pz ]

, O<x<L,t>0

u (Ax)? CwhAx 5615\ A

The above equation can be rearranged as (after multiplying both sides
by the bulk volume, whAXx):

T (7 + 2T Tl =g B Vp! |

i+1

h ~ hAx

7x107 p = el
LUAX 5.615A¢

[Note: This equation and terms (T and /) are only valid for 1D single phase]

T =Transmissibility=1.12

flow of slightly compressible fluid in a homogeneous linear-reservoir with
sources/sinks.




Simple 1D Linear Flow in a Homogeneous Linear-

Reservoir with Sources/Sinks

Matrix Problem:

((V+2T) -T 0 0

-T  (V+2I) -T 0

0 -T  (V+2T) -T 0

: T (V+2T)
i 0 0 -T
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(V+2T) |

M ot
P
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P>

n+l
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n+l

| Pnx-1 |
—n+l

pP

¢,

Vpi +Tpy" - g B
Vp) —q.B

n+l

fpzn - qsc,i B

n+l n+l

_Vpllzlx—l + TpNx - qsc,Nx—lB

C_l;n

A is a symmetric, tri-diagonal matrix can be solved by
direct methods or iterative methods

Note : We will set q s to zero in the right-hand side vector if
the grid point does not contain a source/sink.




Exercise

Use the explicit finite difference method to derive

an equation to calculate the pressure in 1D single
ﬁhase flow of slightly compressible fluid in a
omogeneous linear-reservoir with sources/sinks.



Simple 1D Linear Flow in a Heterogeneous Linear-
Reservoir with Sources/Sinks

« 1D single phase flow of slightly compressible fluid in a
heterogeneous linear-reservoir with sources/sinks.

(&apj_ch(x’t)B— g, Op O<x<L ,t>0

PDE 1.127x10‘33

ox\ u ox v, 5615 ot

q,. = surface rate (STB/D), q,. > 0 for production (sink) well, and q,. < 0 for
source (injection) well, Vb = bulk volume (cuft), k (md), u (cp), p (psi), t (days),
x (ft), ct(1/psi).

For heterogeneous reservoirs we may use grid-blocks with different sizes to
approximate changes of permeability.
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Simple 1D Linear Flow in a Heterogeneous Linear-
Reservoir with Sources/Sinks

PDE 1.127x10° 2 (kP _a (0B __de, op 0<x<L,t>0
U Ox v, 5.615 ot

* Implicit Difference Equations-Spatial Derivative:

ap n+l 8p n+l
P o ;i'x,i+l/2 (37 _;i'x,i—l/2 (37
_(/1 _pj _ X Ji1/2 X Jic12

X
ox\ ~Ox )

n+l n+1 n+1
(a_pj _ P —Pi
OX )11/ Xiy1 =X

i+1 i

n+l n+ n+
[a_p) — pi B pz 11
ax 12 Xi _xi_l n+l n+l n+l n+l
1 Pivi — Pi ) Pi —Piq
x,i+1/2 x,i—1/2
g(l 8_pj — Xivn — i Xi =Xy

. =
8x 8x o

where A =k /u

Xiv1/2 — Xz

Xivi2 — X2



Simple 1D Linear Flow in a Heterogeneous Linear-
Reservoir with Sources/Sinks

PDE 1.127x10° 2 (kP _a (0B __de, op 0<x<L,t>0
U Ox v, 5.615 ot

* Implicit Difference Equations-Time Derivative

5 i p?
(—pj S — n+1]7 L |, where At" =" —¢"
8t X tn+1 At

 Implicit Difference Equation

2 (pi”ﬂl - ”]_ 2 [p? ! —pZ’Tj |
x,i+1/2 x,i—1/2 n+
1 127 % 10—3 xi+1 - xi 'xi - 'xi—l _ qsc,i B (¢t )

_pl

Xivi2 = Xiciy2 Ax,wh - 5.615

i
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Simple 1D Linear Flow in a Heterogeneous Linear-

Re

servoir with Sources/Sinks

 Implicit Difference Equation: Multiply both sides by the
bulk volume of the grid-block i, V, ; =Axwh

1.12

B n+l n+l n+l
y) Piv1 — Pi -y Pi
x,i+1/2 x,i—1/2

Xy =X

n+l ]
—Pia
X =X n+l

7107 Ax,wh

Xivi2 = Xic1/2

sc,i

Tonlprt = pi ) =T pr = p ) -0, B =7 (pr" = p7)

or
e ~
n+l > n+l n+l _ n+l ;o .n
- Tx,i—l/zpi—l + (Tx,i+1/2 + Tx,i—l/z +V, )pi - Tx,i+1/2pi+1 = _qsc,iB +V.p
- J
p

\

3 Ay Wh 3 A Wh
T ...,=1127x10" = ATy, =1.127x107 ————= and |V,
, (xi+1 _xi) , (xi _xi—l) L

(e, ), Axwh ( pi = pr
5.615 A"

C5.615A:™

(5 _ (ge,) Axwh ]
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Simple 1D Linear Flow in a Heterogeneous Linear-
Reservoir with Sources/Sinks

* Transmissibility, T, 1o and T, .4

X,

3 AiaWh G A wh
T ...,=1127Tx10"7 ———==2x1.127x10 :
’ (xi+1 _xi) (Axm +Axi)

ﬂ’x,i—l/2Wh

T 1127107 =2 4 12710
R (xi — xi—l) | (Axi T Axi—l)

where

1 . kx,m/z
T2 =
Hiz1/7
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Computation of Transmissibility

 As we saw already, the flow between the blocks
are achieved by the transmissibility term (T, ).

- The transmissibility contain terms describing the
permeability "between" blocks, fluid mobility
(relative permeability and viscosity in the case of
multi-phase flow).

« For a single-phase flow, for example the
transmissibility in the x-direction is to be computed
as follows:
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Computation of Transmissibility

- We use harmonic averaging to compute the
absolute permeability (or mobility for single-phase
flow) at the block-to-block interface. This is based
on the steady-state flow between the blocks and is
the conventional approach in simulation.

A wh
-3 J+1/2
T .. =1.127x10"" -2
x,i+1/2 ( )
Xigp =X
k .
ﬂ’x,i+l/2 = L2
Hiii

kx,i+1 kx,i (x'+1 o xi)

l

kx i+1/2 —
’ kx,i (X =X 0) kx,i+1 (X2 —X;)

1
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Harmonic Average Permeability

 For a block-centered grid, we can express the
harmonic averaged permeability in terms of the

rid-block lengths as: -
s jois

X1 X U Xi+1
Ky, i1 . Kyi L Ky i+1 ®
Xi 3/ ‘ Xi+3/2
' Ax, Xi-1r2 Ax, Rz Ax;, )
kAIJrl li(xi+l_x)
k (x1+1 i+1/2)+kA i+1 (xz+1/2 1')
. :\1+1 AT (Ale +sz)
k. Ax, 1k, A%

i+1 x,i+l
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Example

A 1-D block-centered grid system is shown in FIGURE. Assume a single-phase
flow of slightly compressible fluid with following data for the system: k1 = 300
md, k2 = 500 md, k3 = 200 md, Bo = 1 RB/STB, ct = 3.5x10-6 psi-1, ¢ =0.18,
and p = 10 cp. Calculate the transmissibility at the boundary between blocks 1
and 2. The following partial differential equation governs the flow system in this

reservoir.
L127x10° 0 [k op)_a.(x0)B, _ ¢, Op
Ox \ g Ox v, 5615 ot
1001t
k =300 md k = 500 md k = 200 md
751t 7 . .
SO|Uti0n 100t 200 ft 100 ft
kx i+1 kxi (Axi+1 + Axl)
Kyeivp=—" :
’ kx,i Axi+1 + kx,i+1 Axi
s =202 3000+ 199) _ 409 09 ma
7 300x200+500x100
k
()i Wh (409'09)1 00x75
];’1.5:2X1.127X10_3 /Ll :2X1.127X10_3X 10 :2305

(Ax;., + Ax,) (200 +100)

16



THANK YOU



