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Minor and Cofactor of Element:

For the determinant

Al =

. . dgyy  dp3
The minor of the element a;; 1s|M; =
d3p dsj

The scalars|C;; = (—l)i+j M;j;|are called the cofactor of the element a;;

Note: The value of the determinant in equation (1) can also be found by its minor elements or cofactors, as

ar My —appMp; + a;sMyps Or a11Cy1 + 212C12 + a13Cy3

Hence the det A is the sum of the elements of any row or column multiplied by their corresponding
cofactors.
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Example : Find the determinant of the matrix 4= 3 -1 2
4 0 1
Solution
Step 1: Find the minors of the matrix. Mo = 2 17(2)(2)7(71)(1)74“75
Tl o2l o
Mll M12 M13
0 1
Mn Mzz M23 M32_3 2=(0)(2)_(3)(1)=0_3=_3
M31 M32 M33 0 )
M, = 3 :(0)(_1)_(3)(2):0_6:_6
-1 2
M= J=D0-(0)2)=-1-0=-
M,=-1 M,= -5 M13= 4
Ma=l, [FO0-(0)2)=3-8--
241 M21_ 2 Mzz= -4 M23=_8
Moy rOO-@n-oras | M= 3 My= =3 Mu=-6
Step 2: Determine the cofactors using the formula
2 1 i+j
M=y |=@0-0)0)-2-0-2 € =(-0)" a1,
aly |- O0-@-0-a-s | Gz Ma=(=1) (H=0)H="
0 2 C12:(_1)1+2M13:(_1)3(_5)=(_1)(_5)=5
M, = =(0)(0)—(4)(2)=0-8=-8 .
SO0~ G = (1) M,y =(-1)"(4) = (1)(4)= 4

Step 3:  Select gny row or column of the matrix

and then, using the formula
4| = aiCn + ai2Ciz + ... + a1nCin

|A| = a21C21 + azzczz + az3cz3
- ()(2) (1)) ()(8)=14
|A| =a;C3 + a0y +a3,C;5

=(1)(4)+(2)(8)+(1)(-6)=14
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Example :Find the determinant of the matrix 4= 0
3
Solution
For this example, the second column will be used even
though the third column is the simplest to solve for.
|4|=2C,, +1C,, +2C,, +4C,,
-1 0 2 -1 0 2
Co=(-1)|0 0 3=—[0 0 3
30 2 3 0 2
0 0 51 0 sl=1 0[]
——|2(-1)} 3(-1 2(-1
20 sy e
=-[2(0-0)-3(0-0)+2(0-0)]=0
1t 3 0 (1 3 0
C,=(-1)'10 0 3=j0 0 3
30 20 13 0 2
0 3 113 0 413 0
=1(-1)* +0(—1 +3(-1
( ) 0 2 ( )0 2 ( )0 3|
=1(0-0)+0(6—-0)+3(9-0)=27
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Determinant of a 4x4 matrix

130 13 0
Cho=(-1V]-1 0 2/=—|-1 0 2
302 |30 2

0 2 30 y

=—|1(-1)° ~1)(~1 3(-1

el Jeeaeny e

0 0o 3 |00 3
LG i I BTG W )

=1(0-0)+1(9-0)+0(6-0)=9

|4]=2C,, +1C,, +2C,, +4C,,
=2(0)+1(27)+2(-24) +4(9)=15




Singular and Non-singular Matrices:

A square matrix A is called singular if |A| = 0 and is non-singular if |A| # 0.

3 2
A= {9 6]’ then |A| =0, Hence A is singular

A=|-1 3 2|, then|A| #0,Hence A is non-singular.




Adjoint of a Matrix:

Let A = (a;) be a square matrix of order n x n and (¢;) is a matrix obtained by replacing each
element aj;; by its corresponding cofactor ¢ then (c;)' is called the adjoint of A. Tt is written as

adj. A.

For example , if

Matrix of cofactors 1s

A=

1
]
0

£ =

0
3
1

—1| Cofactor of A are:
1| Au=5, Ap=-2, A3 =+1
Ay =-1, Axy =12, Apz =-1
2 1 Az =3, Azy =-2, Az3=3
2 _|_']_ 5 —1 3 |
2 -1 ‘ Henceadj A=C'=|-2 2 =2
2. 3 +1 -1 3




Inverse of a Matrix:

[If A 1s a non-singular square matrix], then

3 4

For example if matrix A = [1 2} , then adj A —[

3 4
|A|=‘1 )| =6-4=2

di A
Hence Al o L g

A

_adj A
|Al

2

-1

4
3

]



Example: Find the inverse, if it exists, of the matrix.

0 2 -3
A=|1 3 3
-1 2 2

Solution: |A| =04+2(-243)-3(-2+3)=2-3 Matrix of transpose of the cofactors is

|A| =—1, Hence solution exists. 0 2 3

Cofactor of A are: adjA=C'=|-1 3 -3

A=0, Ap=1, Api=1 . 1 2 2
Ayy=2, An=-3, Axn=2 ° 0 2 3] [0 2 -3
Ay =3, An=-3, Ap=2 at=Loagia-Lla 3 3|=[1 3 3

Al -1
12 2| [-1 2 =2




Solution of Linear Equations by Matrices:

Consider the linear system:

ajx; +apxp +----- + a1nXn = by
A21X] t arXy T mmmma + ArpXpg = bz
dn1X] o dn2X> T —————- + nnsn bn

& B

2 2y - an [ x| [ b ]

dgj, dpg e don || X2 | _ b, ) A X
| | | |

| Anp Qpp — A |[Xn] |ba_
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Example: Use matrices to find the solution set of x+y—2z=3

3 Xx—y+z=5
3X+3y—6z=9
Solution:
(1 1 =2
Let A=(3 -1 1
_3 3 —6_
Since IA|=3+21-24=0

Hence the solution of the given linear equations does not exists.
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Example: Use matrices to find the solution setof  4x+8y+z=-6

2x—3y+2z=0
Xx+7y—3z=-8
Solution:
(4 8 1
Let A=|2 -3 2 A] =-32+48+17=61 So A™ exists.
17 3
] 1'—5 31 19 |
'= —adjA=—| 8 -13 -16
|A| 61
|17 20 -28]
[ x | ]‘—5 31 19 | [-6 1' 30+152 |
X=A"B V|=| 8 <13 -16]| 0 |=—| —48+48 |-
12 | (17 —20 -28 |-8/| | —102+224

Hence Solution set: {(X,y, z)} = {(-2, 0, 2)}




Homework

Use the matrices method to solve the following system of equations:

1.9P1-0.45P2=5125
-0.453P1+1.9P2-0.45P3 = 4000

-0.45 P2+ 1.9 P3 =5800
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