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Iterative Methods for Solving Linear Equations

* the idea in an iterative method is comprised of:
» to make a first guess at the solution
» to refine the guessed values in a stepwise manner to converge to the
correct answer.

The Gauss-Seidel Method

The Gauss-Seidel method includes the following steps:

1. Make a first guess for the unknowns (x2,x3,......,xn).

2.  Find the first unknown (x1).

3. Use x1 with guessed values of (x3, x4, ....,xn) to find x2.

4. Use x1 and the new value of x2 with guessed values of (x4,x5,...,xn) to
find x3.

5. Repeat the same procedure to find new value for the unknowns
x4,....,.xn.

6. Repeat steps #2 to #5 till the calculated values of the unknowns
converge to the correct answer.



Example
Use the Gauss-Seidel iteration method to solve the following system of

equations: 5%y — 2% 3= =1
—3x;: =94 = 2

2%y — X, — Txg= 3

Solution:

To begin, write the system in the form:
X1 = __% T %“'z 343

Ay = %T %"1 & %T;

T . 1
Xy =T TR §Xy

Use (x,.x3) = (0. 0) as the mutial approximation
TN T
Calculate X1 : x; = —35 + 3(0) — 5(0) = —0.200

Calculate X2: 1, = 2 + 2(—0.200) — 5(0) = 0.156

Calculate X3: v, = —2 + 2(—0.200) — 2(0.156) = —0.508



Continue iterations to reach the correct answer. Results are shown in the Table
below.

b 0 1 2 3 4 5
J.:I —0.200 0.167 0.191 0.186 0.186
x} 0.000 0.156 0.334 0.333 0.331 0.331

X3 0.000 —0508 —0429 —0422 —-0423]1-0423

Note:

The iterative methods not always converges. That is, it is possible to apply an
iterative method to a system of linear equations and obtain a divergent
sequence of approximations. In such cases, it is said that the method diverges.



Example: An Example of Divergence

Results of applying the Gauss-Seidel method to the following system
are shown in the Table below:

.-"l.-l - .::'.-"L-E —_- — —I'
Ty M= B
1
] 0 1 2 3 4 5
1'1 =i —174 — 6124 —214.374 —7.503.124
I: 0 —34 — 1224 — 42874 —1.500.624 —52.521.874

* With an initial approximation of X2 = 0, the Gauss-Seidel

method does not converge to the solution of the system of linear
equations given in the above example.

* we will now look at a special type of coefficient matrix A, called a
strictly diagonally dominant matrix, for which it is guaranteed that
the Gauss-Seidel methods will converge.



Strictly Diagonally Dominant Matrix
Definition
An 7 x n matrix A is strictly diagonally dominant if the absolute value of each entry

on the main diagonal 1s greater than the sum of the absolute values of the other entries
in the same row. That is.

ayp]  ap ay3 dy, lay| > |ag| + |ag| + -+ + |ay,|
ayy 5% >3 e ayy, |“22| Z |”21| 5 |”23| A |f'-'3n|
=p- 5
_anl n"2 e aﬂ.ﬂ—l a;m |ann| 2> |anll R |an2[ + -+ |an_n—i|'
Example

Which of the following systems of linear equations has a strictly diagonally
dominant coefficient matrix? _ o
(@) 3x; — x,=—4
2%+ 3%y — 2
(b oy 2 — = =1
.1-1 + .2..1[-3 = _4

3y —5x, + x3= 3



Solution
(a) The coefficient matrix

L
A=
2 3

is strictly diagonally dominant because |3| = |— 1| and |‘7~| = |2| :

(b) The coefficient matrix

4 & =2l
A=]1 0 2
3 =3 1

-3

is not strictly diagonally dominant because a,;, = 1. a,, = 0. Ay =

> |ay| + |ams]| -

and it is not true that |a,,

* Interchanging the second and third rows in the original system of linear
equations, however, produces the coefficient matrix

g 2 —1
A" = |3 g 1
1 o

and this matrix is strictly diagonally dominant



Theorem
If 4 1s strictly diagonally dominant. then the system of linear equations given by 4x = b
has a unique solution to which the Gauss-Seidel method will converge for any initial

approximation.
Example: Interchanging Rows to Obtain Convergence
Interchange the rows of the system
to obtain one with a strictly diagonally dominant coefficient matrix. Then apply the
Gauss-Seidel method to approximate the solution to four significant digits.

Solution:
Begin by interchanging the two rows of the given system to obtain
T"Tl S .1.2 . '6 -1-1 — % + %‘T} . .
Then = Starting with X2 =0, the results are
= =4 X, = % + %1‘1
n 0 1 2 3 £ 5
X 0.8571 0.9959  0.9999 1.000 1.000

L]

X 0.0000 09714 0.9992 1.000 1.000 1.000

ka




/Note:

Q’f the Gauss-Seidel method.

~

Do not conclude from the previous Theorem that strict
diagonal dominance is a necessary condition for convergence

)

Example:
The coefficient matrix of the system

—4x; + 5, =1
X +2x, =3

is not a strictly diagonally dominant matrix, and yet the Gauss-Seidel
method converges to the solution when you use an initial

approximation of X2 =0.



Comparison of Iterative and Direct Methods for Solving
Linear Equations

1. Direct methods for solving a set of linear equations have algorithms
that involve a fixed number of steps for a given size of problem.

2. lIterative methods start from a first guess at the solution and then
applied a (usually simpler) algorithms to get better and better
approximations to the true solution of the linear equations.

3. Usually the amount of “work” required for direct methods is smaller
for smaller problems but iterative methods usually win out for larger
problems.
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Summary

 There are two methods to solve a set of linear equations; direct
methods and iterative methods.

* For direct methods, the required computation work is complex but its
amount can be estimated.

* For iterative methods, the required computation work is simple but
its amount cannot be estimated.
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Homework

Using the Gauss-Seidel Method, solve the following system of equations:

1.9P1-0.45P2=5125
-0.45P1+1.9P2-0.45P3 = 4000

-0.45 P2+ 1.9 P3 =5800
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