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B. _The Cross Product :
Two vector u and v in space if u and v are not parallel, they determine a

plane, we select a unit vector n perpendicular to the plane by the right-hand
rule. This means that we choose n to be the unit (normal) vector that points
the way your right thumb points when your fingers curl through the angle 6

fromutov

Then the cross product u x v is the vector defined as follows:
uxv=(usinO)n
When we apply the definition to calculate the pair wise cross products of 1 ,

], k we find:

ixj=—(jxi)=k
Jxk=—(kxj)=i
kExi=—(ixk)=j
ixi=jxj=kxk=0

uxy| Is the area of a parallelogram
Because n is a unit vector, the magnitude of # x v is:

o] = uisinélr| =|upsine

This is the area of the parallelogram determined by # and v, 11‘ being the

base of the parallelogram and |v||sm9| the height.
Area=base . height

~ jubsin




Properties of the cross product

if u#, v, and ware any vectors and r, §is are scalars, then:
1. (ru) x (sv) = (rs)(u x v)

2.ux(v+w)=uxv+uxw

J.vxu=—(uxv)

4. (Vv+wW)Xu=vxu+wxu

5.0xu=0

6. ux(vxw)=(uwy—(uv)w

EX:finduxvandvxuifu=2i+j+kandv=-41+3j+k?
Sol:

k

1 g 0. |3 1
1= Ji- i k
M - 17" 4 B

OO - OB - (D) - D4 +(2)3) - -4k
=(1-3)i—(2+4)j +(6+ D)k
=—2i—6j+10k
vxu=—(uxv)=2i+6j—10k

EXAMPLE 2 Find a vector perpendicular to the plane of P(1,—1.0), @(2, 1,—1),
and R(=1, 1, 2)

Solution The vector P(:) % PR is perpendicular to the plane because it is perpendicular

to both vectors. In terms of components,
PO=Q-i+(1+1)j+(-1-0k=i+2 -k
PR=(—1—-Di+(+1j+@—-0k=-2i+2+2k

-1

a

PO x PR

i+ |

EXAMPLE 3 Find the area of the triangle with vertices P(1,—1, 0), (2, 1, —1), and
R(=1,1,2)

P(1.=1.0)
Solution The area of the parallelogram determined by P, Q. and R is

\ |PO x PR| = |6i + 6k
Q[J.:I.—h =VieY + (6 = V236 = 6V2.

X
FIGURE The vector PO % PR is  1he triangle’s area is half of this, or 3V2.
perpendicular to the plane of triangle POR
(Example 2). The area of triangle POR is EXAMPLE 4

c o ek Find a unit vector perpendicular to the plane of P(1,—1.0), (2, 1,—1),
half of |PQ x PR| (Example 3). and R(=1, 1,2).

Solution

_ POXPR _si+tek 1.
n= - — = — = ——=1+ -
|PO x PR| 612 V2w




C. Triple scalar or box product:
The product (u x v).w is called the triple scalar product of u, v and w.
As you can see from the formula:
|(er x v)w] = i x v|wcos &)
The absolute value of this product is the volume of the parallelepiped
(parallelogram — side box) determined by «, v and w. the number |u X v| is

the area of the base parallelogram. The number |uﬂcos€| is the
parallelepiped's height. Because this geometry, (u#xv).w is called the box
product of u,v and w.

Area of base
height=|w{cost| =[x

volume=area of base . height

=|uxv|wcosé|
=fuxv|w

To calculate the triple scalar product:
Let u=aji+bj+ck
v=a,i+byj+ck
w=azi+byj+c5k
Then

a
(uxv)w=|a,

as

EX: Find volume of box (parallelepiped) determined by u=1i+2j-k, v=-2i+ 3k
andw=7j-4k?
Sol:

(uxv)w=

Q 3 -2 3 -2
—’7 _4(1)—’0 _4‘(2)+ b 3’(—1)
= [©0)(-4) - BY DD - [-2)4) - B2 + [(-2)(7) - OO k-1)

=(0-21)(1) - (8- 0)(2) + (-14—0)(-1)
= (2D - @) 2) + (191

=S 165 =

The volume is |(u X v).w1 =23 units cubed







