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Dirichlet Boundary Conditions




* Dirichlet Boundary Conditions (pressure specified at the boundaries). For
generality consider a heterogeneous reservoir with sources/sinks.

PDE 1.127x10° O K ) ac(wt)B _ g P 0cx<L.t>0
Ox\ p Ox V, 5.615 ot

IC p(x,0)=Po,0<x<L_,
BC p(x=0,t>0)=Po

BC px=L_,t>0)=PFP



Point-Centered Grids

- Recall the grid system.

“Well”
Po




» General Implicit Difference Equations:

n+l r- n+l n+l n+l rr _n
[_ Tx,i—l/zpijl + (Tx,i+1/2 + Tx,i—l/z +V, )pi i Tx,i+1/2pi++1 = _qscfiB +V.p; } ﬁd/
\ : !

* Fori=1,
_Tx,1/2p3+1 + (Tx,3/2 +T 0+ Vl)me _Tx,3/zp;+1 = _q;lch +V.p;
Xo=0 i X’1 i X,
Because p, is known (BC), then for i = 1, Xip

> n+l n+l __ n+l 7 _.n n+l
{(Tx,3/2 + Tx,1/2 + Vl)pl - Tx,3/2p2 = _qsc,lB +Vip + Tx,1/2p0 }
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« Fori=2,3,...,N-2

n+l [ n+l n+l __ n+l 7 _n
[_ Tx,i—l/zpi—l + (Tx,i+1/2 + Tx,i—l/z +V, )pi - Tx,i+1/2pi+1 = _qsc,iB +V,p; }

where we evaluate transmissibilities from:

3 A Wh 3 Ay aWh
T ..,=1127x10" —————and T, ,, =1.127x107 ——————
’ (xi+1 _'xi) ’ ('xi _'xi—l)



» General Implicit Difference Equation:

n+l __ n+l

n+l rr n+l s n
- Tx,i—l/zpi—l + (Tx,i+1/2 + Tx,i—l/Z +V )pi - Tx,i+1/2pi+1 = _qsc,lB +V,p;

[}
« For i =N.-1
or | X Ak

i XNix-1 i Xnx™ Lx

X ] 1
n+l ntl ot Nx-3/2 XNx-1/2

n+l - r n
_Tx,NX—3/2pNx—2 + (Tx,NX—l/Z + Tx,Nx—3/2 + VNx—l )pNX—l - T;C,Nx—l/ZpNx = _qsc,Nx—lB + VNX—leX—l

* Note that N, is the total number of Grid points including the grid points at the left- and right-hand
reservoir Boundaries.

« Because p,, is known (from BC), then fori= N, .,

n+l n+l

n+l r _ r n n+1
L_ Tx,Nx—3/2pNx—2 + (Tx,Nx—3/2 + Tx,Nx—l/z + Ve )pNx—l = _qsc,Nx—lB + Ve P + T;c,le/ZpNx}

Note: We will have N,-1 unknowns and N,-1 equations to solve here.
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Neumann Boundary Conditions
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* Neumann Boundary Conditions (pressure gradients specified at the boundaries).

* For generality consider a heterogeneous reservoir with sources/sinks.

PDE 1.127x10- 2| % 9P _g.%t)B e Op 0<x<L,t>0
U Ox vV, 5.615 ot

IC p(x,t=0)=P1nm'al,0Sx£Lx,
dp(x=0.1>0)

BC =C
Ox

BC op(x=L_t>0) _D
Ox

Note :if C =0 and/or D =0, then we have no — flow (closed) boundary.



Point-Centered Grids

- Recall the grid system.
(Op/oX)y-1,= D

“Well”
(Gp/EX)x=0= C / /

X3t X0 x : i Ty T x g X
it i X+ X Xiw Xnx1 | X=Ly TN

Xan Xip Xir2 Xis112 Xnxa2  Xnxs172

Incorporating Neumann BCs to a point-centered grid as shown above can be handled by
reflections (images) of the first and last grids (red colored in above figure). Note that if a
source/sink at these blocks, then imaging will also duplicate the source/sink.
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* General Implicit Difference Equation: Multiply both sides by

the bulk volume of the grid-block /, V, ; =Axwh

B n+l _ n+l n+l _ n+l 1

)“x,i+1/z(pi+1pi] - /Ix,il/z(pipil] n+l n

1.127 %1073 Ax.wh Xipg =X Xi =X _g "o (¢Ct )iAxiWh Pi —Pi
. l Xiv/2 Xz o 5.615 A"
n n n n n+1 - n n
T 0l = o) -Ton o = 02 )0, B =T (0" = p)
or
- Tx,i—1/2p;1—-;1 + (Tx,i+1/2 + Tx,i—l/z +V )pin+1 _Tx,iﬂ/zpf:l1 = _q;c-tilB +V.p;
A wh A . Wh ~ Ax. wh
T =1127%107 72525 T ) = 1127 %107 22—, and V, :W—lm
| (x,-x) " (x,—x_) 5.615A1

Difference equation is the same as before!
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* The General Implicit Difference Equations for i=1,2, ...,N, ..

Tx,i+1/2 (pin++11 - pz'n+l )_ Tx,i—l/z (p;?+1 - pin_+11 )_ qchHB = 17; (pin+1 -p; )

4

* Fori=0, we have

n+l

Tnpr = o) -T (e = p7t)-24. " B =7, (pi™ - p?)

Note that T ,,, =T, _,, because of imaging
(ap/ ax) x=0" C

™~ !

< . p, and p_, are the pressures at x,, and x_. This adds two
: additional unknowns to the unknown pressures at the
o] interior grid-points; p;, i=1,2,...,N,-1.

X 1 Xo X1’I

X2 Xip Xzp
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« Recall that boundary condition at x = 0 can be
approximated as:

n+l n+ n+
(:5251:) — }?1 1-_419—11 — (j
OX ) 410 X=X

n+l n+l

p =pL +C(x,—x)

If C = 0 (no-flow or closed left-hand boundary),
then

n+l n+l

P =D P1

ol =)= - ;9’?/1;— 2¢.""'B=7,(p" - pl)

T

o, (i = pit)-24, "' B=7,(pr™ - p?)



* The General Implicit Difference Equations for i=1,2, ...,N, ..

T.onnpt = o) -T 0 (00 = 023 ) -0, B=V(pi - p')

* Fori=N,,
L e (pz’zfil - p;;l )_ T e (p:;l - pz’zfil )_ 2%:]\23 = I7Nx (p:;l — P )

Note that T ..., =T, \._,, because of imaging

X

(Op/OX )N+ 12= D

E : ! )(‘ Py @Nd Prysq @re the pressures at xy,, and Xy, .-
i ! E ) These are two more additional unknowns.
PN Satt N & 5 - %
~ 1 XNx-1 | XNx"Lx ! XNx+1

Xnx-32  Xnx-112 Koo
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Recall that boundary condition at x,, = L, can be
approximated as:

n+l n+l n+l
(a_pj — pNHI _pNx_l = D
ox ). AN+~ Xy

n+l n+l

Pn.a = Py, 1+D(xzv 1 xNx—l)

If D = 0 (no-flow or closed right-hand boundary),
then

n+l n+1

Py 1= Py

pNx-1

];,Nx+1/2%1 pznv;l) T e 1/2([91@1 pznv;l) 2QScn]:f_jB V (Pznv;l Pz}:/x)

- 2];,Nx—1/2 (pz’zfil - pz’zfil—l )_ 2qscn]\23 V (plnvil - pNx)



® In summary, we have the following system of equations to solve:

T =i )T (s = o) -24,0 B =V (95" — p;)
P =p" = C(x —x)
TP = 00 T = 02 )0, B =V = b))
for i=1,2,...,N,-1
T, e P = P )T = Pt )-20.0 B =7 (! - p3.)

n+1 n+l

Py w1 =Py +DCxy —xy )

N,+1 unknowns and N,+1 equations if we combine the first two and the last two equations. Unknowns
are py, Ps,--.,Ppny- NOte that we solve the pressures at the boundary as well.
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